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1. INTR~OUCTI~N 
In (31 special global barriers were introduced for a wide collection of 
domains in R” and these domains were called admissible. Using these 
domains it was shown that the Dirichlet problem 
Lu=f (1) 
always has a solution on an admissible domain, when L is uniformly elliptic 
and f and the coefficients of &/ax, and u satisfy certain growth conditions 
but do not have to be bounded. 
In the present paper, the barrier constructed in [2] by Miller for the 
complement of an unbounded cone is modified to give a type of barrier for 
the complement of a bounded cone. An integral averaging process is then 
used to obtain a global barrier of the type considered in [3] for an arbitrary 
bounded open set L? of R”, which satisfies a uniform exterior cone condition 
with respect o a bounded cone. 
The result obtained in ]3] for the Dirichlet problem is then valid for D. 
Hence, the Dirichlet problem (1) will always have a solution u on R, when L 
has the form 
Lu(x)= t Uij(X) 
ij- I &F/x) 
+ 5 hi(X) $ (X) + C(X) V(X) 
i= 1 I 
(x E R, u E C,(n)), when aij, bi, c and f are real-valued functions on 0 
which are Holder continuous on all compact subsets of $2, and when there 
exist constants /1 > v > 0 and E E (0, l] such that 
(3) 
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for all < E RR, x E R, 
I aij(Xl G A 
for i, j = l,..., n and x E J2, 
Ibi(x)l GA [d(x)l’-’ 
for i = l,..., n and x E R (d(x) denotes the distance from x to an), 
c(x)< 0 and I4x)l<4&w-* 
for xER and 
If(xl <Aw)l’-* 
for x E R. 
(4) 
(5) 
(6) 
(7) 
It will be assumed throughout the paper that n > 2. 
2. A BARRIER ON THE COMPLEMENT OF A BOUNDED CONE 
For each x E R”, with x # 0, define 
19(x) = arcos(x, IxI-‘), 
where arcos takes its values in [0, K]. Let 6 > 0, y E ($r, K), put 
C={O}U(x;xER”,O<Ix~<Sand~<8(x)<7~} (8) 
and let 
G=R”-C. (9) 
The modification of Miller’s construction is given in the following theorem. 
THEOREM 2.1. Let 0 < a < 1. Then there exists a C, function f on [0, ?r] 
and constants A E (0, l), y> 0, K > 0, such that 
(i) f(t) > Ofir all t E [0, 1~1, 
(ii) the function v, defined on G by 
v(x) = I 4Afw)>~ 
is C, on G and 
(iii) the function (D, defined on G by 
q(x) = 1 - e-Ku(x), 
(10) 
(11) 
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has the property that 
i.71 
Uij & (X) < -I lxl*-2 epKucx) 
1 J 
for all x E G and every real symmetric matrix (aij) for which 
(12) 
(13) 
when <E R”. 
Proof Let v and cp be defined by (10) and (11). The constants A,y and K 
will appear in the course of the proof. 
We make the following assumptions regarding f:
for t E [0, x], 
f’(t)<0 (14) 
f’(0) = f’(n) = 0 (15) 
and 
f"(t) < 0 (16) 
for t E [0, v/l. It is easily verified that, iff satisfies these conditions, then u is 
C, on G - r, where 
It follows from Lemma 2.2, which appears below, that u is C, on G. 
Now let (a,) be a real symmetric matrix satisfying (13) and let I E (0, 1). 
Consider an x E G - lY By the polar representation discussed by Miller in 
[2], there exist real numbers a, b, c, d, depending on x and such that the 
eigenvalues of[g !] lie in [a, 11, d E [a, l] and 
L aiJ& tx) 
;7 
i,j= 1 
= 1x1*-*[al@ - l)f(e(x)) 
+ 24~ - l>f ‘(Q)> + 4f”(@(X)) + Jiftw))l 
+ 0 - 2Mff(Q)) + f’(Q)> cot @)I 1. 
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Since a < a < 1, a - 1 < b < 1 - a, a < c < 1 and a < d < 1, it follows that 
where 
< lxl’-*[-al(1 -L)f(d(x)) 
- 2( 1 - a)( 1 - A)f’(B(x)) + (n - 1) AJf(e(x)) + P], 
P = af”(&x)) + (n + 2)f’(B(x)) cot v/ 
when e(x) E (0, w] and 
P = Ifvw + (n - 2) vw-4)l t cot e)t, 
when 13(x) E (w, n). Equation (17) holds for all x E G - T’. Let 
and for t E [0, w] define 
f(t) = -M-W’ + M-‘t + M-2P*. 
By using (17) and (18), it is a routine matter to verify that 
< /xl*-*[ {n - 1 - a(1 - A)},4 
x {-w2Pe(x) + M-le(x) + M-*eMa} - iaeM@(*)], 
(17) 
(18) 
(19) 
(20) 
(21) 
(22) 
when e(x) E (0, W] and x # 0. Extend f to a C, function on [0, K] with 
f’(t) < 0 and f(t) > 0 for t E [0, z] and withy’(z) = 0. It follows from (21) 
that f’(0) = 0. By using (17) and (19), one can show that when e(x) E (y, n) 
and x#O, 
n 
s aij axi ax, w+- (x) < 2nQ (x1*-*, 
i,j= 1 
where Q is a bound for f, If’ ], If” I and f’(t) cot t on [w, rc]. We can now 
choose L sufficiently small that, by (22), 
(24) 
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when x E G and 8(x) E (0, v]. Since 
it follows from (24) that 
when x E G and B(x) E (0, v]. By (23), (13) and (25) 
n 
x aij---- 
i,j= I 
af:& (x) < - aKZe-K”(x) / VU(X)/~ 
1 J 
(25) 
+ 2nKQe-K”(“’ (x]1-2, (27) 
where x E G and B(x) E (v/, n). But a simple calculation yields 
W412 = Ixl’A-2~~‘m~)~’ + u’(~>)Z~ (28) 
for x E G and B(x) E (v, n) so that if we let 0 > 0 be a Iower bound forj(t) 
we obtain, from (27), 
-\’ 
i.Zl 
Qij & (X) Q (-cYK~~“A~O~ + 2nKQ) J,XJh-2 eMKv(‘), (29) 
I J 
when x E G and B(x) E (w, 7~). By choosing K sufficiently large, one can now 
obtain inequality (12) from (26) and (29). 
Lf3bfhf~ 2.2. Let 
U= (x;xER*andx, > 0). 
For x E R”, define 
n-1 
[ 1 
l/2 
P(x) = \’ xf . 
,?I
Let a E (0, n/2), let f be a C, fuPtction on (-a, n/2) withf’(0) = 0 and define 
won Uby 
W(X)=J.(arcsin (3)). 
Then w is C, on U. 
409/79,/l-14 
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Proof: For I E (-sin a, 1) define 
L(t) = f(arcsin 1). 
Then 1 is C, on (-sin a, 1) and 
k’(O) = 0. 
Hence, if we detine 
when t # 0 and 
E(f) = t-‘/l’(t) - A”(f) 
E(0) = 0 
we obtain a continuous function on (-sin a, I), such that 
for t E (-sin cz, 1). 
For x E U. detine 
and 
Clearly u is C, on U. But 
A’(t) = l&(l) + d”(l) 
u(x)=P(x)IxI-' 
u(x) = u(x)'. 
4x) = Wx)) 
for x E U, hence 
$+u,~ i 
when P(x) # 0. But 
g=/xq2xi((1 -6&-l-u), 
I 
(30) 
(31) 
(32) 
(33) 
(34) 
(35) 
(36) 
(37) 
so that by (34) and (37), 
&v/ax, = [E(U) + A”(U)] 1x1-2 Xi[(l -S,,) - U’] (39) 
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when P(x) # 0. Since the expression the right of (39) is continuous on U, 
w is C, on U. By (37), 
a2W --=qu)~g+iyu)+- 
axi axj J axi ax, 
so that by (34), 
tE(U)(-2jX~-4XiXj+Bij~X/-2)[(1-~in)-u2] 
-E(U) lxqxixj[(l -S,,) Z.-i t U][(l - Sj”) u-’ - u], (40) 
when P(x) # 0. Since the expression the right of (40) can be extended to a 
continuous function on U, it follows that w is C, on U. 
3. THE EXTERIOR CONE CONDITION 
Let 6, w, C and G be as in Section 2. Let K denote the group of all 
isometries ofR” onto R”. A transformation T will belong to a iff it is the 
composition fa translation andan orthogonal transformation. 
Throughout Section 3, ~2 will be a non-empty bounded open set of R” 
which satisfies thefollowing uniform exterior cone condition: 
(3.1) for every x E aR, there xists a T E 6, such that T(0) = x and 
T(C) does not intersect R. 
Let 
and 
C’ = (0) U (x; x E R”, 0 < 1x1 Q jS and v/ < 0(x) & n}, 
F= {y;yER” N R, d( y, Q) < 6 and there xists a T E d 
such that T(0) = y and T(C’) does not intersect 0) 
G’ = R” N C’. 
(41) 
(42) 
It is easily seen that F is compact, that 
&?cF (43) 
and that F has the property: 
(3.2) for every x E 80, there xists a T E FF, such that T(0) = x and 
T(C’) c F. 
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Now, by (42), there xists, for each y E F, a TE d such that T(0) = y 
and T(C’) does not intersect 8. We now show that this choice of T can be 
made in a Bore1 measurable manner. In order to show this we discuss upper 
semicontinuous set-valued mappings. 
Let %Y denote the collection ofall non-empty compact subsets of RP. A 
mapping H of a subset B of R” into 59 is said to be upper semicontinuous 
(USC) on B if it has the property: 
(3.3) if {a,} is a convergent sequence in B with its limit a in B and 
(b,} is a convergent sequence in RP with limit b and with b, E H(a,) for all r, 
then b E H(a). 
LEMMA 3.4. If B is a Bore1 subset of R”, if H is a USC mapping of B 
into GY?, tf E > 0 and if 
YPB 
is bounded, then there exist pairwise disjoint non-empty Bore1 subsets 
B , ,..., B, of B, USC mappings H, ,..., H,,, of B, ,..., B, into Q and elements 
b 1 ,..., b of R* such that 
(i) Ukm,i B, = B and 
(ii) for each k and each y E B,, Hk( y) c H(y), diam Hk( y) < E and 
d(b,, H,(Y)) < E. 
Proof: There exists a finite sequence D1,..., D of closed discs with 
diameter <E and covering A. Let E, be the set of all y E B such that H(y) 
intersects D, . For r > 1, let E, be the set of all y E E N U;;: E, such that 
H(y) intersects Dr. It follows from the USC of H that E, is closed relative 
to B and, when r > 1, E, is closed relative toB N (J::\ E,. Thus El,..., E
are Bore1 sets. 
Let E,,, Er2 ,..., Erm be those of the sets E, which are not empty and put 
B,=Erli. Let 
HEY) = D, n WY) 
for y E B, = Erl and let b, be the centre of Drk. It is easily verified that (ii) 
holds. This completes the proof. 
For each y E F, we now let H(y) be the set of all T E 6, such that 
T(O) = Y (44) 
and 
T(C')nR=0 (45) 
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By putting p = n2 + n we can regard as a subset of RP. It is easily seen 
that each H(y) is compact and that H is USC on F. By Lemma 3.4 we can 
partition F into pairwise disjoint Bore1 sets Bi,..., B, and obtain USC 
mappings H, ,..., H, and elements bi,..., b, such that (i) and (ii) of 
Lemma 3.4 hold with E = f . Define a function g,: F + RP by letting 
gi(y) = b, when y E B,. Then g, is Bore1 measurable. We now put E = 2-’ 
and apply Lemma 3.4 to each of the USC mappings HI,..., H . By repeating 
the process we obtain a uniformly convergent sequence {g,} of Bore1 
measurable mappings of F into RP such that, for all y E F, 
d(g,(y), H(Y)) -+ 0 
as r 4 co. By letting J be the limit of the sequence {g,} we obtain the 
following theorem. 
THEOREM 3.5. There exists a Bore1 measurable mapping J of F into g 
such that 
J(Y)(O) = Y (46) 
and 
for all y E F. 
Let A > v > 0. Put 
Q n J(y)(C) = 0 
D= sup lx-yl. 
XEO,YEF 
(47) 
(48) 
It follows from Theorem 2.1 that there xists a C, function rp on G’ and 
constants y > 0, 1 E (0, 1) and M > m > 0, such that 
mlxl*<P(x)a4xl* (49) 
when xE G’ and [xl< 20 and 
i,Fl 
aij&(X)<-IlXlAw2 
1 J 
when x E G’ and aii is a real symmetric matrix with 
c aijtitj>vltl' 
i,j= 1 
for all r E R” and 
for all i, j. 
laijl < nfi 
(50) 
(51) 
(52) 
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Let P be a constant which is >(n + 1) 1-l and define w on d by 
1 
- LIP 
w(x) = {~(J(y)-‘(x))}-‘“+‘“A dY > (53) 
when x E Q and w(x) = 0 when x E XL Clearly, for x E R and y E F, we 
have 
IJ(Y)-‘(x)l= Ix- YL (54) 
so that by (49) 
mlx’-Yl~~cp~J(y~-l~x~~~~lx-Yl~ (55) 
for all x E R and y E F. It follows from (55) that he integral in(53) exists. 
It will be shown, shortly, that he function w is a (v, A) barrier for R in the 
sense of [3]. To show this we need the following lemma. 
LEMMA 3.6. Let k > 0 and define 
f(x, y)= [~tJ(Y)-‘(x))l-‘“+‘)‘A Ix- Yl-k 
for x E ~2 and y E F. Then there exist constants A, B such that 0 < A <B 
and 
Ad(x)+’ < 
I 
f(x, y) dy < BdW-’ 
F 
for all x E l2. 
Proof: For x E Q, put 
a(x) = inf{f& d(x)} (56) 
and 
H(x)={y;yEFandly-xl<d(x)+a(x)}. (57) 
BY (55) 
&f-O-U/A 
I Ix - YI-“-~-’ dy H(x) 
< I 
j-(x, y) dy < m-‘“+ Iv1 
H(X) I 
Ix - YI”-~-’ dy H(x) 
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for x E J2 and hence, by (3.2), there xist positive constants P,, Q,, such 
that 
p, I 
Ix - yj-n-k-l dy 
d(x)< IX-J’ <d(x)+a(x) 
< 
I 
f (xl Y) dv 
H(x) 
< Q, 
I 
Ix - ~)-~-~-l dy 
d(x)<lx-yl<dLx)+n(x) 
for x E 8. There now exist positive constants P,, Q, such that 
P,d(x)-k-’ < 
I f(x, Y> dy < Q,4x)-k-1 H(X) 
for all x E fin. 
Again by (55), 
I 
f(x, y) dy < m-‘“+ ‘)‘* 
F-H(x) 5 Ix - ‘I-“- Ix-y,>dfx)+aCx) 
and therefore there xists a constant E such that 
I f(x, y) dy < EdWk-’ F-H(x) 
for all x E L? 
The required result follows from (58) and (59). 
k- 
(58) 
’ dy 
(59) 
THEOREM 3.7. w is a (v, A) barrier for ~2 in the sense of [3]. Hence l2 is 
an admissible domain in the sense of [3]. 
Proof We begin by showing that w is C, on 0 and continuous on d. 
When x E R, we can write (53) in the form 
f bnj(Y) xj + C,(Y) 
)I-(n+l~/~dyl-l/p, 
(60) 
/=l 
where each b, and c, is Bore1 measurable on F and (bu(y)) is an orthogonal 
matrix, for each y E F. It follows from (60) that w is C, on $2. By putting 
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k = 0 in Lemma 3.6 we see that w(x) --t 0 uniformly as d(x) -P 0. Thus w is 
continuous on d 
It follows immediately from Lemma 3.6 that w satisfies Axiom (ii) for a 
(v, A) barrier. 
By differentiating (60) we obtain 
2 (x) = (n + l)P-‘“‘W(X)P+‘JF [fJ@-‘(y)(x))]-‘-‘“+‘)‘~ 
I 
(61) 
for x E R. Hence 
[VW(X)1 ~Alw(X)p+lJ [(D(.rl(y)(x))]-‘-‘“+‘“A 
F 
x Ib4-‘w(4)l~Y (62) 
for x E Q, where A, is a constant which does not depend on x. But a routine 
calculation yields 
IWz)l <A, IzI’-~ (63) 
for z E G, where u is the function of Theorem 2.1 and A, is a constant which 
does not depend on z. It follows from (11) that a similar inequality holds for 
]Vq]. Therefore, by (54) and (55) 
]Vw(x)( <A3~(~)P+1( [p(J-‘(y)(x))]-‘““)‘* Ix--y)-‘& 
F 
for x E 0, where A, is a constant which does not depend on x. Hence, by 
Lemma 3.6 (with k = I), 
for x E 0. Again applying Lemma 3.6 (with k = 0 this time), we obtain 
]Vw(x)( <A4~(~)P+1 d x)-l ( I, [~(J-‘(Y)(x))l-‘“+‘)‘~ dY 
so that 
I WxI < A 4 w(x) d(x)- ’ 
for x E a, where A, does not depend on x. Thus Axiom (iii) ssatisfied. 
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To verify Axiom (iv) we multiply (61) by W(X)-‘- ’and differentiate. This 
yields 
-(P+ ) 
= - (n + l)P-‘I-2(n + 1 + A) 
i 
[~(J(y)-‘(x))]-*-‘“+‘)‘~ 
F 
X k$l rP,k(J(Y)-l(x)) 6,i(Yl][ ’ 
[ 
k%il P.k(J(Y)-‘(x)) bkj(Y) dY 
1 
+ (n + l)P-‘1-l 
i 
F [f@(y)-‘(x))]-I-‘“““” 
X [ 2 V),k,lV(Y)-‘(X)) bki(Y) blj(Y)] dY- 
k,l= 1 
Let (a,) be a real symmetric matrix such that 
(64) 
for all c E R” and 
for all i, j. Let 
qkx, Y> = ,$I q,k(J(Y)-l(x)) bki(y>* 
By (61) and Cauchy’s inequality [l, p. 391, 
c 
i,Zl 
aij $ (Xl g (X) 
I J 
< (n + l)2P-z~-*W(x)~P+* 
X 
X 
[cp(J(y)-‘(x))]-‘-‘“+“‘~[qo(J(z)-’(x))]-’-’”+”’~ 
1 
112 
dy dz 
= (n + 1)2 P-2~-%v(x)2p+* 
I 
F [(q(y)-1(x))]-‘-‘“+‘)‘* 
X [ i$, aijVtrCx9Y> VjtxlY)]“2 ‘Y]’ 
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and by the Cauchy-Schwarz inequality 
,< (n + 1)” P-2A-%(x)2p+2 
I b(J(Y)-‘(-4)l-‘“+‘~‘A 4 F 
’ F [~(J(U)-‘(x))l-2-‘“+1”~ I [ 9 aijVi(X,.Y) qj(X9Y)] dy,iJ= 1 
so that 
’ F [~(J(Y)-‘(x))1-2-‘“+1”~ I [ ‘7 aij~f(XTy) qj(X.Y ] du. i,Zl 
It now follows from (64) that 
i &azw 
i.j= 1 IJ axi axj Cx) 
< (n + l)P-‘n-‘W(X)p+’ 
I 
F [yl(J(y)-l(x))]-I-‘“+“‘~ 
x ,$ I ~,k,r(Jw-‘w C,,(Y) 4h [. I (66) 
where 
‘k/(y) = iJg, bki(Y) aijblj(y>* (67) 
But (ckl) is a symmetric matrix satisfying (51) and.(52); hence by (50), (54), 
(55) and (66), 
2 
i,j= 1 
‘ii $ cx) 
< - (n + 1) yM-‘P-‘~-‘W(X)p+’ 
x -,,, I~(J(y)-‘(x))l-‘“+l”A Ix Ylr2 dv,r (68) 
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for all x E 0. A double application of Lemma 3.6 to (68) yields 
< -Qw(x)'+ 'd(x) -* 
I [cp(J(Y)-'(x)>l-'"")'* 4 F 
= -Qw(x) d(x)- *
for all x E fi, where Q is a positive constant, independent of x. Thus w 
satisfies Axiom (iv) and the proof of the theorem is complete. 
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